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Abstract—The object of this paper is to introduce a new difference

sequence spaces which arise from the notions of | N, p, |

summability, using an infinite matrix B and an orlicz function in
seminormed complex linear space. Various algebraic and topological
properties and certain inclusion relations involving this space have
been discussed.
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1. INTRODUCTION

Let (Sk) denotes the sequence of partial sums of the infinite

series Zak.Denote by (pk),k >0 a sequence of
k=0

positive real numbers and write Pk:z P,.The series

Z=0

Zak (or the sequence (s, )) is said to be summable

I
o

k
(N, pkj to the sum £ (finite), if

k
tk:Pinzsz—M as k — oo,

k z=0

and is said to be absolutely summable (N,pkj or

summable | N, p, | if the sequence (t, ) € BV , that is

Z‘tk —tk_l‘ <. Let [N, | and N, denote
k
respectively, the set of all sequences which are summable

IN,pkland[N,pkj -

a =(a,),

By an application of Abel’s

Given a

seguence write for

k =1, ¢k(a):tk — b

transformation we have

K
=t — P k>1).
Dy (a) P T PP, an; 1, ( )

Note that for any sequences a , b and scalar A , we have

¢k(a+b): ¢k(a)+¢k(b)
¢k( ia):/lgok(a).

Lindenstrauss and Tzafriri [10] used the idea of an orlicz
function M to construct the sequence space ¢,  of all

(Xk)

<oo forsome p > 0.

and

sequences of scalars such that

oo [ 1%l
gIM

yo)

The space ¢ ,, equipped with the norm

[ %]

Yo,

|x|=inf< p>0 <1

:iM
k=1
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is a BK space [ 7, p. 300] usually called an orlicz sequence
space. The space /,, is closely related to the space Ep
which is an orlicz sequence space with M (X) =XxP, for
1 < p<oo. Werecall [ 7,10] that an orlicz function M
is a function

[0.0) [0, ),
decreasing and convex with M (0) = 0, M (x) >0 for

al x>0 and M (x)— o, as X —>oo. Note that
an orlicz function is always unbounded .

which is continuous, non-

An orlicz function M is said to satisfy A , —condition for
all values of U, K such that
M (2u) < KM (u),u=0. Itis easy to see that always

K > 2 [8]. A simple example of an orlicz function which
satisfies the A , —condition for all values of U is given

by M(u)=a|u|a(a > 1), since
M(2u)=a2u|”=2%M (u). The orlicz function
M(u):e‘“‘—|u|—l does  not
A , — condition .

if there exists constant

satisfy the

The A, —condition

M (¢u)< K(2)M (u) which holds for all values of
U, where ¢ can be any number greater than unity. It is easy

is equivalent to the inequality

to see that M; + M, is an orlicz function when M, and

M, are orlicz functions, and that the function M * (Z is

a positive integer), the composition of an orlicz function M

with itself Z times, is also an orlicz function. If an orlicz
function M satisfies the A, —condition , then so does
the composite orlicz function M *

By W we shall denote the space of all scalar sequences.
¢ ,cand C, denote the spaces of bounded, convergent
and null

sequences X = (X, ) with complex terms,

respectively, normed by||X||=Sup‘Xk‘. The notion of
k

difference sequence spaces was introduced by kizmaz [8]. It
was further generalized by Et and Colak [4] . Later on Et and
Esi [5] defined the sequence spaces

X(AY) = { x=(xk)ew:(A”V‘xk)e X}

whereme N, AYX, =V, X, A, X=V, X, —V, ;1 X.1»
m m m-1 m-1
A, X = (AV Xk) :(AV X, — A, Xk+l)sothat

%, =3 (0T

i-0 !
Throughout the paper X denotes a seminormed complex
linear space with seminorm ¢, M is an orlicz function,
s > 0 is areal number, r =<rk) is a bounded sequence of
strictly positive real numbers and B=(b,,) of infinite

matrix. The symbol w(X ) denotes the space of all X -
valued sequences.

We now introduce the following generalized difference X -
valued sequence space using orlicz function M .

|Np|(B,AC‘,M ,r,q,s):

ae W(X):ibnk M q(—AT 2 (a)]

i K P

L

<0

for some p>0

where AT o, (a)=AT"p, (a)-A%V" o, .. ().

Some well-known spaces are obtained by specializing
B,X,M,m,v,q, r,pands.

() If B=(C,1)that is the Cesaro matrix,
X=C,q(x)=|x|, m=v=0,M(x)=x ands=0
then|l§|p|(A3’,M,r,q,s):|Np|(r)

(Bhardwaj and Singh [2]).
i) If B=(C,1)that is the
X=C,q(x)=|x|, m=v=0 ands=0 then

Cesaro  matrix,

INGI(AT M, 1,q,s)=INal(M,r)

(Bhardwaj and Singh [3]).
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iii) If B = (C,1), that is the Cesaro matrix, m=v =0,

then |l§|p|(A3‘,M,r,q,s):|Np|(M,r,q,s)
(Altin et al. [1]).

(ivy If B=(C,1)that is the Cesaro matrix,
X =C,q(x)=| x| ,m=v=0,M(x)=x,5=0

and p, =1forallk, then

INp (A7 M,r.q,s)=IC,[(r). (Nanda and
Mohanty [12]).

(v If B=(C,1)that is the Cesaro matrix,

X=C,q(x)=[x| m=v=0,M(x)=x,s=0and r,

then| N, |(B, AT, M ,r.q,5)=|N,|.

We denote |Np|(B,A’V“,M,r,q,s) by

IN,I(
|_Np|(B,A31,M ,r,q) when's = 0.

B,Af,“,r,q,s) when M (x)=x and by

In this paper, we propose to study the linear topological
structure of the sequence space

| N o |(B,A\',n M, r,q,s),certain inclusion  relations
between these spaces have been discussed. The composite
space | N . |(B,A\’,“ M r,q,s) using composite orlicz
function M * has also been studied.

The following inequalities [11, p. 190] are needed throughout
the paper.

Let r= ( re ) be a bounded sequence of strictly positive real
numbers. If H =sup r, then for any complex a, ,b,,
k

‘ak+bk

rkSD(‘ak

r
k+‘bk

) o
where D = max {1, 2" } Also for any complex A |

| 2 (2)

< max{1,|/1|H}

2. LINEAR TOPOLOGICAL

IN,[(B,A},M,r,q,s) SPACE
INCLUSION THEOREMS

STRUCTURE OF

AND

In this section we examine various algebraic and topological

properties of the space | N o |( B,A},M ,r,q,s) and
investigate some inclusion relations.

Theorem 21. For any Orlicz function M

|f\|p|(B,AT,M ,r,q,s) is a linear space over the
complex field C .

THefosradkKis a routine verification by using standard
techniques and hence is omitted.

Theorem 2.2. For any Orlicz function M

|f\|p |( B,AJ M ,r,q,s) is a is a topological linear
space, paranormed by

9a (a)=
W\ e
= b AV ¢ (a)
r./G nk v 7k
inf 1P L | M q[ > j <1
n=1,2,

where G =max(1,sup rk).
k

The proof uses ideas similar to those used (e.g.) in [1, p. 427]
and the fact that every paranormed space is a topological
linear space [13, p. 37].

Remark 2.3. g, need not be total, for example if p, =1
forall kand a=a, is any non-zero constant sequence then
"y (a ) is constant for all k and hence ¢, (a ) is zero for
m > 1.

Theorem 2.4. Let M , M, M, be orlicz functions, then

(i) If there is a positive constant B such that M (t )S pt
for all t=0, then

IN,[(B,A]',M,r,q,s)

g|Np|(B,AC“,M °M,,r.,q,s).
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(i)IN,I(B.AT.M,.r.q,s)
ﬂ|f\lp|(B,AC‘, Mz,r,q,s)

g|_Np|(B,A;”,M1+M2,r,q,s).

Proof: (i) Let a e |Np|(B,AT,M1,r,q,S) so that

‘2%!'\/'1[({%@]}} <oo for  some

p>0. Since M(t)sﬁt for all t=0, we have by
inequality (2)

Iy bnk %

ii‘“_sk[Muk] Smax(l,ﬁH)i i [u,]

k=1

AV ¢, (a
uk — Ml[q[A
Yo
where

ae |f\|p|(B,AL“,MoM1,r,q,s).

and hence

(ii) The proof is immediate using (1).

Theorem 25. For any orlicz function M if
.M

lim M >0 forsome p >0, then

u—ow (U/p)
|Np|(B,A’V“,M,r,q,s)g|f\lp|(B,AT,r,q,s).
Proof: If lim M >0 for some p >0, there

u—>w (U/p)

exists a number & > 0 such M(u/p)>a (u/p) for
all u>0 and some p >0. Let
ae|Np|(B,AL“,M 1,q,5) o that

i t:;sk [M (Q[AI;MTk(a)JH <o  for some
k=1

p>0.

Now , we have

s (5]

max(l, (%T Ji t:("s" [q(AT gok(a))}rk.

k=1

Hence a e |Np|( B, A, r,q,s).
Theorem 2.6. Let M be an orlicz function which satisfies
A , —condition , for some (,q,,q, be seminorms and

S,S; .S, be non-negative real numbers . Then

MIN,I(B.AT.M,r,q,.5)
ﬂ|f\|p|(B,AL",M,r,q2,s)

g|Np|(B,AC‘,M,r,ql+q2,s).
@i) |If a constant L>1
q,(x)<Lg, (x)forall x e X, then

there exists such that

IN,I(B.A}M,r,q,,5)

g|Np|(B,AL“,M,r,q2,s).
(iii)If s, <'s, , then

|f\lp|(B,A3“,M ,r,q,sl)g|f\lp|(B,AL“,M ,r,q,sz).

Proof: The proof of (i) is straight forward using (1).
(i) Let a |Np |(B, AT M ,r,ql,s). Then as M

satisfies A , —condition , we have

([
(el
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= b
<> k“j K(L)M

k=1

(ql[ P N
<max(LK (L)) 3 {Q(MT@B

Hence a e |Np|(B, AT, r,qz,s).
The proof of (iii) is trivial.

L

Theorem 2.7. Let m>1, then
IN, (B, AT M, q.s)
g|Np|( B,AY,M,q,s).

Leta e |f\|p|(B,AC“1,M ,q,s),

M {q LMJJ <o for some
P

p>0.Let p, =2p, thenas ( is seminorm and M is

Proof: then

< bnk
> -

k=1

non-decreasing and convex, we have

= b A" a
Z nsk M q \% ¢k ( )
1 K P

bnk

‘ %m[q(_Av“(ﬂ;ﬂ(a)n

whence a € |f\lp|(B,A\’,“, M ,q,s).

0
<
k=1

Ingeneral|_Np|(B,Avi,M ,q,s)g

|N ] |(B,AT,M, q ,S) forall i =1,2,... m—=1 and
the inclusion is strict. To show that the inclusion is strict,
consider the following example.

Example 2.8. Let X =C,q (X) =| x|, M(x) =x,
S=0and p, =1 forall k.Let a =(ak)be defined by

a, =3k*-3k+1, then

< o0,

aglel(B,Af, M .d,s) but

ae |Np|(B,A§, M ,q,s).
Theorem 29. Ift= (tk) and r = (rk) are bounded
sequences of positive real numbers with 0 <t, <r, <oo

for each Kk, then for any orlicz function M,

IN, (B, AV, M ,t,q)
g|Np|(B,AL“, M,r.q).

Proof: Let a € | _N . |( B,A M, t,q). Then there exists

some p > 0 such that

ty
Ee) Am
> by M [q [MJJ < o0, This  implies
k=1

o,

A4 (@) .
that b, M| q| ——— || <1 for sufficiently large
P

values of isay 1> Kk, for some fixed k, € N.Since M is
non-decreasing, we get

- AT¢k(a) rk<
o [ a[ 5] <

(o252

ank
Hence a e |f\lp|(B,A'V“,M,r,q).

k> ko

3. Composite space |Np|(B,AT,MZ,r,q,S) using

composite orlicz function M*
Taking orlicz function M? instead of M in the space

|Np |(B,AL",M ,r,q,s) we can define the composite

space | N, |(B,AC“,M Z,r,q,s) as follows:
Definition 3.1. For a fixed natural number z , we define
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|_Np|(B,AL“,MZ,r,q,s):
~ bnk "
aew(x):zkS M?

k=1

q AV ¢ (a)
Yo
<o, forsome p >0

Theorem 3.2. For any orlicz function M and Ze N,
MIN,[(B.A,M?,r,q,s)

c|N, |(B, A7, r,q,s).
(i) Suppose there exists a constant #, 0 < B <1, such that

M(t)< B(t) forall t>0 andletand N,ze N be
suchthat N < Z , then

|f\lp|(B,AC‘, r,q,s)g|Np|(B,A?,M”,r,q,s)

c|IN, |(B, AT M7 r,q ,s).
The proof follows from Theorem 2.5 and Theorem 2.4(i) and
hence is omitted.
Example 3.3.
2

t
MZ(t): 1+t

given in Theorem 3.2 (i), (ii) respectively.

M,(t)=e'-1>1 and

<t for all t>0 satisfy the conditions
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